Possibility of spontaneous magnetization in QCD and magnetic properties of quark matter is discussed by evaluating the magnetic susceptibility within Fermi-liquid theory. The screening effects for gluons are taken into account to figure out the specific properties of the magnetic transition in gauge theories. It is shown that the static screening effect in terms of the Debye mass does not necessarily work against the magnetic instability; it promotes the instability, depending on the coupling constant and the number of flavors.
Many efforts have been devoted to explore the QCD diagram on the density (ρ B )-temperature (T ) plane, which is closely related to relativistic heavy-ion collisions, early universe and compact stars [1] . In particular, it would be interesting to consider the low temperature case, where quark degrees of freedom are dominant over gluons and the concept of the Fermi sea is well defined. Various correlations are expected to be realized there as in condensed-matter physics; actually there have been many works about color superconductivity at high-density quark matter [1] .
A possibility of spontaneous spin polarization in quark matter has been suggested by one of the authors [2] , using the one-gluon-exchange (OGE) interaction. The onset mechanism is very simple but it reflects an interesting aspect of magnetic phase transition in gauge theories as QED or QCD [2, 3, 4, 5] . The direct term gives a null contribution due to the charge (color) neutrality, so that the leading-order contribution comes from the exchange term. The Fock exchange interaction then favors the spin alignment due to the Pauli principle and its infinite-ranginess gives a particular density dependence of the exchange term. If it is realized, it may give a microscopic origin of strong magnetic field observed in compact stars, especially magnetars [6] .
In this work we further explore the properties of the magnetic phase transition in QCD by examining the magnetic properties of quark matter in a paramagnetic phase, by the use of Landau Fermi-liquid (FL) theory [7, 8] . We discuss magnetic susceptibility in detail to figure out the critical behavior of the magnetic phase transition in gauge theories at finite density. We only consider here the normal phase of quark matter as a first step for fully understanding the coexistence of magnetic and superconducting phases.
It is well-known that there appear infrared (IR) singularities in the FL interactions in the gauge theories. To improve the IR behavior of the gauge interactions it is necessary to take into account the screening effects for the gauge field [4, 7] . The inclusion of the screening effects is also required by the argument of the HDL resummation [9] . Since the IR singularities appear for quasi-particles with the co-linear momenta, the soft gluon should give a dominant contribution. Then the particle-hole polarization function ∼ O(g 2 µso that the divergence of χ f M signals the spontaneous spin polarization. The spin degrees of freedom of a quark with momentum k is specified by the spin vector a µ (k) [2] 
1/2 and ζ = ±1. We consider the static susceptibility for a constant magnetic field along z− axis. Each Fermi sea for ζ = ±1 is a little changed in the presence of the magnetic field. Then magnetization may be given by the difference in the number densities δn
−1 , where ǫ k,ζ is the quasi-particle energy in the presence of the external magnetic field 2 . Thus we find
where µ q denotes the Dirac magnetic moment, µ q = e q /2m, and the gyromag-
For the weak magnetic field, dynamics among the quasi-particles around the Fermi surface determine the response to the external magnetic field. Actually we find that the number-difference arises as a result of change of the quasi-particle energy around the Fermi surface,
where ǫ k denotes the quasi-particle energy in the absence of the magnetic field. Here the first term imply the explicit B dependence of the quasiparticle energy, while the second term is a rearrangement term peculiar to FL theory and represent the implicit change of the quasi-particle energy through the change of the distribution function, δn q,ζ ≡ n q,ζ − n k . Thus we may see that some non-perturbative effects are taken into account in Eq. (3) in a self-consistent manner, even if we treat the quasi-particle interaction f kζ,qζ ′ in a perturbative way. The quasi-particle interaction consists of two parts, the spin independent (f s k,q ) and independent (f a k,q ) terms;
From Eqs. (2),(3) magnetic susceptibility is written in terms of the FL interaction,
f a is an angle-averaged Landau-Migdal parameter, which measures the strength of the spin dependent interaction,
at T = 0. N(T ) is the effective density of states at the Fermi surface,
and is simply written as
in the limit of zero temperature . Eq. (8) defines the Fermi velocity, which is given by the using the Lorentz transformation [8] ,
where f s 1 is a spin-averaged Landau-Migdal parameter defined by
with the relative angle θk q of k and q. Finally the magnetic susceptibility at zero temperature can be written in terms of the Landau-Migdal parameters,
where χ Pauli is the usual one for the Pauli paramagnetism, χ Pauli =ḡ
When we consider the color-symmetric forward scattering amplitude of the two quarks around the Fermi surface by the one gluon exchange interaction (OGE), the direct term should be vanished due to the color neutrality of quark matter and the Fock exchange term gives a leading contribution. The color-symmetric OGE interaction of quasi-particles may be written,
with the invariant matrix element,
where
; P (a) is the projection operator to select a state with spin vector a µ [2, 3] . It has been well known that massless gluons often causes infrared divergences in the Landau parameters [8, 10] .
Since the one gluon exchange interaction is a long-range force and we consider the small energy-momentum transfer between quasi-particles, we must treat the gluon propagator by taking into account the hard-dense-loop (HDL) resummation [9] . Thus we take into account the screening effect for gluons,
with
is the standard projection operator onto the transverse (longitudinal) mode [9] , which propagator has the form
The last term represents the gauge dependence with a parameter ξ. First of all we can easily check the gauge independence of the interaction between quasi-particles. Since p µ p ν M µν = 0 for the on-shell particles, any physical quantity described by the quasi-particle interaction is independent of the gauge parameter ξ as should be.
The self-energies for the transverse and longitudinal gluons are given as
in the limit p 0 /|p| → 0, with the Debye screening mass, m
. Thus the longitudinal gluon is screened to have the Debye mass m D , while the transverse gluon receives only the dynamic screening and the Fermi-liquid interaction on the Fermi surface is not screened. Then the quasiparticle interaction on the Fermi surface can be written as
with the effective coupling strength, C g =
We can see that the both Landau parameters f s 1 ,f a include the infrared singularities due to the absence of the static screening for the transverse gluons;
(1 − cos θk q ) in this case, so that the logarithmic divergences appear in the Landau parameters through the integral over the relative angle, dΩk q 1/(1 − cos θk q ).
Finally magnetic susceptibility is given as a sum of the contributions of the bare interaction and the static screening effect. We can see that the logarithmic divergences exactly cancel each other to give a finite result for susceptibility.
Obviously this expression is reduced to the simple OGE case without screening in the limit κ → 0; one can see that the interaction among massless quarks gives a null contribution for the magnetic transition. The effect of the static screening for the longitudinal gluons gives the contribution of g 4 ln(1/g 2 ). In the nonrelativistic limit, it recovers the corresponding term in the RPA calculation of electron gas [4, 13] .
To demonstrate the screening effect, we plot in Fig. 1 the magnetic susceptibility. We assume a flavor-symmetric quark matter, ρ u = ρ d = ρ s = ρ B /3, and take the QCD coupling constant as α c ≡ g One can see that the magnetic susceptibility diverges around k F = 1 ∼ 1.5fm −1 corresponding to order of nuclear density, where spontaneous magnetization appears. The critical density for the simple OGE without screening is consistent with the previous one given by the energy calculation [2] . One may expect that the quasi-particle interaction is effectively cut off at momentum |k| = m D , which reduces the strength of the Fock exchange interaction, once the screening is taken into account. However, this is not necessarily the case in QCD. Compare the screening effects by changing the number of flavors (N f ); if we change N f , the screening effect exhibits the opposite behavior for N f = 1 (only s quark) and N F = 2 + 1 (u, d, s quarks). In the case of N f = 1 the screening effect works against the magnetic phase transition as in QED [4] , while it favors in the case of N f = 2 + 1. This occurs due to the sign change of the logarithmic term in Eq. (17) at κ = 2 (see Fig. 2 ): if α c N f > 2π, κ > 2 and the screening effect acts for the magnetic instability.
3 Hence we may say that the screening effect does not necessarily work against the magnetic instability in QCD due to the large coupling constant and flavor degree of freedom. 
